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'RODUCTION

‘n this paper we study the representations of the group G = SL(2,C) of
mplex unimodular matrices. Our approach is almost identical to the

ich in [6], a paper which deals with the representation theory of

R).

‘n Section 2, we introduce the (nonunitary) principal series and de-

1 canonical basis consisting of K-finite vectors in the principal

; representation spaces.

‘n Section 3 we calculate the matrix elements of the principal series
sentations with respect to these bases, and we use this to decide when
jpresentations are irreducible, and to find the irreducible subquotients
3 reducible case.

‘n Section 4 we determine the equivalences which exist between the sub-
:nt representations we have found, and applying Harish-Chandra's sub-
:nt theorem we use this to give a classification of the topologically
stely irreducible representations of G. (Here our approach differs

chat of [6], where completeness of the set of representations is proved
1sidering the eigenfunctions of the Casimir-operator.)

n Section 5 we determine which representations are unitarizable. We

.s by determining when the representations of 4 are equivalent to their
jate contragredient, and when the intertwining operator can be normal-
> that it becomes positive definite. This allows us to describe the

-y dual of G.

[n Section 6 we give a (certainly incomplete) history of the problem
ler to indicate what was already known.

\11 results in Sections 2,3,4 and 5 are obtained by noninfinitesimal
s, i.e. without using Lie-algebras (except of course that Lie- alge-
ire implicitly used when we apply the subquotient theorem). All re-
.lity properties and equivalences are found by using explicit expres-

for the matrix elements of the principal series.




). DEFINITION OF THE PRINCIPAL SERIES

G = SL(2,C) is a six-dimensional semisimple noncor Lie group wi-

‘wasawa decomposition G = KAN, where

[ B 2,.,2
K=502) = _ _)= kB | TaldlBl” =
\_8 o
0y
2.1) { A= { = a t e nz} ;
\yg ot/ °t
1 z
N={( >=nzlze¢} ,
0 1
thich means among other things that the mapping K x A x1? yiven by
(k,a,n) > (kan) is a real analytic diffeomorphism. Furi re we have tli
lecomposition G = KAK: every g € G can be written as g ¢, with k., ,k,

2 17
1 € A, but this expression is not unique.
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'St
- 1
eS - (e 2t| |2 e2tl8|2)2 )
) a1 _ e o
= = - ,
(e 2t[m|2+e2t‘812)’2

B1 _ etB

= — = -

(e 2t|a{2+e2tlsl2)z

parametrize K by coordinates 6,¢,) as follows:

i
iy

B = sin 6 e

o =cos B e (0 < © 5_“/2 ¢+ 0 <¢,9 < 2m

‘he normalised Haar measure on K becomes:

dk = 2 sin 26 ab d¢ dy.

j e—ie 0 1
= 1 ( eie/ = uele € Ilf. M is the centralizer of A in K.

» collection of finite-dimensional irreducible representations of

iists of the pairwise inequivalent elements gk(k € % Z) given by

-2ik6
Ek(ue) = e

‘ite the elements of M in this way because it eliminates many factors

in our later calculations).

1 3 i .
or j = 0,571,57.. let V) be the (23+1)-dimensional complex vector space
.ynomials in indeterminates Zl’ZZ with complex coefficients,

imneous of degree 2j.




J

acts on V- by:

2.7) (m, (k) £)
J

We consider (z,,z
_1 1°72

eft by k € SU(2)
The representa
£ Jq # 3, and ever
quivalent to a ﬂj.

2.8) 3(21,2

Ve
f we define an inn
J
(VK1 IV£

hen ﬂjvis unitary.

m.{u )v
j( 8) £
0,as a representat

£ = =3 _j+1fﬂ°°rj

2.9) dim HomM

gk
here V = ¢ is th

tion £k is realise
inear mappings A:V

s spanned by A . :
p Y X, 3

2.10) B | vzj

ow we are ready to

))

-1
) = £(k (21'22

. column vector whi
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te dimensional irr
3

s a basiS\r_. ;P V_
j-L  §+L
1 % :
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S (3-2,) ' (5+L
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, each of these oc

g f 1 if k-3
v s 1 O otherwi
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i Bk
(Vv°, V ™) is the
k : ]
.If dim HomM(V ,

€
v k = C given by

L

e the principal se

e X, £ e VJ) .
l be multiplied from the

and ﬁj are inequivalent
2

1le representation of K is
J

v j j ven b
AR 7 .

. sum of Eﬂ's

g exactly once, so

x| <3
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on which the represent-

of M-intertwining

€
+ 1, then HomM(V],V k)

f representations



il ﬁ € f G Hilbert ac H : For eM e C
Ek,Z (Ek € M, z C) o on ert spaces £,z o Ek , Z

let Cgk 7z (G) be the space of continuous functions f :G —+ vEk satisfying
14
the relation

-1 e—2(z+1)loga

(2.11) f(g man) = & (m ) f(g) Vg e G, me M, a € A, n € N,

k

where log: A - IR is defined by log at = t.
G acts on C - (G) by

Er
-1
(2.12) (m (9)f) (x) = £(g x)(x,9 € G)
2
Define an inner product ( , ) on CE 2 (G) by
kl
(2.13) (f,9) = J f(k)g(k)dk
K
and let HE 2 be the closure of CE 2 with respect to this inner product.

The operators ﬂgk,z (g) can be extended uniquely to bounded operators on

the separable Hilbert space H which we shall also denote by ﬂgk'z (g).

ExrZ

Then T is a strongly continuous representation of G on Hgk’z' WEkIZ is

gkrz

unitary, if and only if z is purely imaginary. ﬂgkrz is the representation
of G induced by the onedimensional representation ugk,z of the standard

minimal parabolic subgroup B = MAN defined by

_ 2z loga
ugk,z (man) = & (m) e

The restriction of ﬂg . to K splits as a unitary direct sum of irreducible
. 14

representations Hgk’z equivalent to VJ, each j occurring at most once. To

be more precise:

(2.14) Hg 5 = o Hg , asa K-representation
K’ iz k| k'’
j-keZz

This follows immediately from (2.9) and the Frobenius reciprocity theorem
if we observe that the restriction of TEy 2 to K is just the representation

of K induced by the representation Ek of its subgroup M (this is




>ecause of the Iwasawa decomposition). We now exhibit non-trivial elemen

; 3 j -2(z+1)1 ‘
»f Hgk?z : For A € HomM (VJ,VEk), v € Vj let f(kan) = e (z+1) OgaA(Trj(k
chen £ € Hgk,Jz' In fact the mapping v ® A + f defines a K-intertwining

.somorphism V] ® Hom (VJ,VEk) ~ HJ if we let K act trivially on Hom

R

Jv8K) . Now take v = sz.((j—ﬂ)!(j+£)!)—i: A=A S (GR) G Y

see (2.8) and (2.10)).

(. (k (a 8) v, ) (2 z,) = (az1+6z2)j'£(—éz1+522>3+K -

£ 1

-£. +& [ I-\(I+L\ Kk, I-L- K, J=L-«k VgIt-v, v Jtg-v
ZJ Z; < \)( ) B 2,2, (-8) %1 %2 -
V=

..t K j-k-x 1 25 +o.. .

min(j-£,3-k) (j-¢ J+L N s
( >< j g3 L. K(_B)j k Ka£+k+sz k j+k
k=max (0, -£-k)

his gives us an element f[ " € HE 2
14 kl

j _ (G- 1 GHK) 1\

-min(j-ﬂ,j—k) (3-£\/ j+£ \ K. j-L- < j—k—Kaﬂ+k+K .

K /M\J k- K B

-B)
k=max (0, -£-k)

oserve that the functions fﬂ (k) are matrix elements of the representati

3 defined by (2.7) with respect to an orthonormal basis:

(wj<k'1>«j—£) (3+42) 17 vol (Gt G ) T 3

3
o, k

((j-ﬂ)!(j+ﬂ)!)_%vﬁj, Trj(k)((j—k)!(j+k)!)_li v j)

CALCULATION OF THE MATRIX ELEMENTS OF ﬂg - REDUCIBILITY PROPERTIES.
kl

We calculate the matrix elements of WE 2 with respect to the ortho-
kr




gonal basis consisting of the fz K and then use Theorem 3.2 of [6] to
14

deduce which ﬂgk z are irreducible and to determine the irreducible
14
subquotient representations in case ﬂgk’z is reducible. Let
Js 14

. (g) = (m (g) £ £ ) .
1;32,22 £ 12 EZ,k Kl,k

m

Eklzijlre

By (2.3), (2.11), (2.12), (2.13) and (2.15) we get:

m . .
Eklz’Jlltl’jZIKZ(at) =

(3.1) .
_ _ 3
_ j(e 2t|al2 . e2t[8|2 (z+1) 2

) fK ,

1 1. 01
kk(a /B )fﬂ k(k(a,B))dk(a,B)
2 1’

K

Some simple considerations show us that a large number of these functions

must be zero : M acts on % K as EZT The elements of A commute with those
r .

of M, so M acts on “Ek,z(at)f%,k again as EZ’ so
(3.2) (my (at)fzz,k, fij;_l,k ) =0 AL AL, o
k 2 1
so from now on we assume Kl = 22 =1L,
(3.3) e % lal? + 817 = et (1218]?) + ?Yg|2 = o2 (1- (1= |5]?) .

We expand this in a power series in (1—e4t) and change the order of
summation and integration to find an expression for the matrix elements
involving power series in (1—e4t)_(These, and all the following expressions
only hold for sufficiently small values of l—e4t, but as the matrix
elements are real analytic functions of t it suffices to know them in

a neighbourhood of t=0. Thus, from now on we shall tacitly assume that

in all expressions t is sufficiently small.)

Write




J2 jo-k-k ((3,7K) 1 (3, k) Ik
F (k(a,8)) = (-1) e
/eyer'r\) \ ]2_2).(]2“}'/@),/
(3.4)
/jz—ﬂ\ j2+ﬂ . jz—z'K+V;j2—k—K+V. Lkt
U e A —k—K>a : g o
2
%2 72 2.V
(Fp°, . o is the k-th term of £," multiplied by (|18])") and
Jrdqidik Jj j
17-2 2 1
02 cv K = Fek,ev’ Tk )
Then
3.6) ﬂ

€k’Z;j1,K;32,£(at)

2t (z+1423,-0-k) min(G,~i3,-k) _, o
= e E e .
k=max (0, -£-k)
o j11j27’65k (Z+1+j2) 4t. v
.Z v,k V! Ve
v=0 "' "
Jow we claim that
jl,jz;ﬂ;k
_ < 5 s )
(3.7) CV,K 0 for v < j, -3, -1

j . -
[ndeed, FK K. K.y is contained in the space W of polynomials in ao,a,B,8,
7 14 14
>f degree < 2j2 + 2v. W is invariant under the left regqular action

>f K. As a representation of M,W splits into one-dimensional

subrepresentations Ek (k = —jz—v, —j2—v+1,...,j2+v). fﬂjl is contained




left K-invariant irreducible subspace which contains Ej as an

1
‘esentation. Hence W cannot contain the representation ﬂjl

}.7) follows from the orthogonality relations for the left-regular
.entation of XK.

of K.

lext we show that

j lj ;j ik

172772
.

3,310 #0 for j, <3, .

this by giving quite explicit expressions for certain matrix
its, which we shall also need for the study of unitarizability of

:presentations.

™ T € T
Ek,z’31'32,32’32 t

J,rdqidsk (2+143))
1 2 2 2° v (1_e4t)v

_ e2t(z+1+32—k) z c

v=0 v, 0 v

c311327327k _
v,0

j1+j2—2k/ 2j2\/j2—k)!(j2+k)!(j1~k)!(j1+k)!X7

\. /

= (-1) /\ ;
-k \(232)!(31-32)!(31+32)! ’

72
Ja=Jq - - . . .
1 2{] -j J,+] Jj . +k+k J,=k-k+v
1772)/71772 K - 72 -1
. . (-1) (o dk (a, ’
Lo \ K /\Jl_k_K/ { a) (BB) (a,B)

K

;e of (2.15),(3.4) and (3.5).

1e integral over K we can write




10

"/ § . +k+k 3, ~k=k+v
(cos™8) (sin”0) d sin 6 =

=0

j2+k+K jl—k—K+v
(1-t) t at =
0

| —— = O

t

T(3 ket 1) T (3, ~k=k+v1)

T(3,+3 ,+v+2)

1

where we used (2.5) and the well-known integral representation for the

coeta-function:

1
_IM@rew ozl wel
Blz,w) = =5 = [ £ (1-0)" Tat
0

([27,81.5(1)).

jlljzijzlk
Substitution of this last identity into the expression for Cv 0
4

1
ind introduction of the new summation variable k= = jl—j2—K yields:

. . e v ugs ,
CJIIJZIJZ:k ) {232 \ (31+32).(32 k+v) ! ]
- o — . - 7 s . 1]
v,0 \32 x/ (3,7K) T (3 +3,+0+1) !

3.10)

(j2—k):(j2+k)!(j1—k)!(j1+k)! \%

( (2j2)!(j1—j2)!(j1+j2)!

[ 2, yrip) ! (kv (07K 6,40 13,70 (0
\3,7k) G0 G5, w AT (23, 103,73, 1 (3,+3,) ¢

(=v)5,-5,

a3,

-k+1) |,

3173,

)

L

S io~ktvil; §.-k+1;1) =
) 2F1Up73p 3 7kevrls g, )



where we used the relation

(c-b)n
o) (n=0,1,2,...,c # 0,-1,-2,...,-n+1).
n

2F1(—n,b;c;1) =

This proves (3.8).

For later use in 85 we write down an expression for the matrix

elements T . . . . (a,) which follows from the above calculations
€ 1243, 434550403 t
k 17-°2"-2"-2
s o< oa Y.
(32 s 31).
3.11) T (at) =
kIZ;jlljz;jzljz
1 = 3 ' 5 5 V s 1 5 i1 .
_ (_192 Iy /(232).(31+32).(31 k).(31+k).\1 (z+1+32)j1“j2
U Gy-3) PG,k T,k ) [T
2t (z+],-k+1) 3,3 4t
. e 2 (l—egt) ! 22F1(z+1+j1,j1—k+1;2j1+2;1—e ) .

Jsing (3.7), (3.8) and theorem 3.2 of [6] we find the reducibility
>roperties of the Tg % Denote the (jl'j2) generalized matrix element
, !

(see [ 61p.7) by ﬂgkrz’jl'j°' then it follows from (3.6),(3.7) and (3.8)
" . > . L
that for 3423,-

(3.12) m . L (@) = 0&(zH+l+5,). . =0 .
gk’Z’jlljz t 2 jl ]2




12

Tor the case j1Sj2 we use the fact that the conjugate contra

Eom is equal to -, SO
gkrz Ek, Z
T . . (a,) == - . . (a )
Eprzidp by dgky e Ermzidyiky 3yl ot
This shows that for j2 2 j1
(3.13) m . . (@) =0 = (z-j,)), _. =0.
gklzljlljz t 2 32 Jl
Because of the decomposition G = KAK: ﬂg (at) = 0 =
klzlj11j2

J on G.

Applying Theorem 3.2 of [6] we obtain a theorem analogo
lheorem 3.4 of [6] (an asterisk at some place in the diagram
in the theorem means that all generalized matrix elements

g

corresponding to that block are nonzero):

ITHEOREM 1., Depending on Ek and z the representation Ty rz of
SL(2,Q) has the following irreducible subquotient representa

and subrepresentations :

i. ﬂgk,z is irreducible if and only if z # i_(lk[+j) for e
integer j.
d. z = —(|k]+j) for some positive integer j:
Ekrzijlljzz
>
3y ¥ i, [|x], -z-1] [-z,)
[[k[, -z - 1] * *

(g)



Irreducible finite-dimensional subrepresentation on

-z=-1 3
@ H
j=|kl ‘gklz

irreducible infinite-dimensional subquotient represen

subrepresentation on

® Hé i
j=-z  k'7 °
c. z = |k[+j for some positive integer j

w . .
Ekrzrjllj2

.y 7 [lx|, z-1] [z,)
1 Jo

[lx|,z-1] * 0
[z,) * *

Irreducible finite-dimensional subquotient represent

subrepresentation on

U e N
jast

(Here [a,b] means {a,a+1,a+2,...,b-2,b-1,b}, so

index j increases in steps of 1.)

1 but not

but not

ummation
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4. EQUIVALENCES OCCURRING BETWEEN THE SUBQUOTIENT REPRESENTATIONS OF THE

PRINCIPAL SERIES

We want to determine which of the irreducible representations of
SL(2,€) we have found are Naimark-equivalent to each other. We want
to apply Theorem 4.6 of [ 6 ] and therefore need to compute diagonal
matrix elements. In what follows we shall denote by T and o the
Exr2 Ekr2Z
infinite-respectively finite-dimensional proper subquotient representation

of "Ekrz in case ﬂgk z 1s reducible. et.c. will have the
14

Tgk?zljlljz
obvious meaning.
We shall first show that Wg_k,_z ~ ngklz, in case wEk,z is irreducible,

and Og_k'_z = OEk,Z ’ TE—k’_z ~ Tgk,z in case ng,z is reducible. This

will be proved when we have shown that

(4.1) ﬂgk,Z;j,K;j,'e(at) = ﬂg_k,-Z;j;/@;j,K(at) A erljr'e

(by [6], theorem 4.6, and (3.2)). Now, from (2.15),(3.4),(3.5) and (3.6)

2t (z+1+425-£-k) (3-k) ! (§+k) !

(4.2) -
"e 23, 05,0 %) TS (G-0) T (5+0)
- o4kt (3-4 > 'j+£ >
Kl Kl ]—k—K1
-4 ; TRk, 144 4
1) (L)L ok, ey ooy
K,y K, J 2/v=0 1% .
7ith
, . K,k _ _ 23-L-k+v-k, -k
'4.3) Celklj = (-1) 1 72 I (GG)£+k+K1+K2(BB) 1 dk (0, 8) =
V,Kl,Kz
K
+ /2
K1TKo P =Ky —
(-1) J (1—sin28)£+k+K1+K2(sinze)23 Lktvoky =Koy sin’p =

8=0




Substit

hyperge

(4.4)

Using i

functic

(4.5)

K, +k. I (L+k+k

1+, +K2+1)T(23—Z—k+v—K1—K2+1)

1

_1)
T'(23+v+2)

(4.3) in (4.2) enables us to express the power series as

¢ functions:

(a ) = o2t(z+1+25-L-k) (3-k)!(j+k)!
-2;3,4;3,8°7t (3-0) L (3+D)

*x

eTdeat (3-L) 3+ ) g /j—ﬁ)/ 3+ )
\ Kl /\j_k-K]./,’ K \ K2 \j_k_Kz/
1 2

(-1)"1 "2 4t
2Fl(z+j+1,2]—£—k—l<1--|<2+1;2]+2;1—e ) .

2]

3+1) (£+k+K1+K2

1 (2), 82.9 of [2] for the transformation of the hypergeomet

‘ind that expression (4.4) is equal to

2t (~z+14+29-L+k) (§-k) ! (5+k) ! ) (i-€ \ 5+ \
G-00G+0 1 L 3Lk, N\3+k-(5-L-k,) )

Kl 1 1

(j—K-K1)+(j-K—K2)

( j-L >( j+L (-1)
J-L-x,, j+k—(j-£-K2)) 23

f (2j+1)\Z-k+(j—£-K1)+(j-£-K2)

\—/

.

2F1(—z+j+1,2j-£+k—(j—Z—Kl)—(j-K—K2)+1;2j+2;1-e4t),




I we write K2 instead of j—K-Kl and Kl 5

¢pression we find that it is equal to ﬂg—kl_z;jlz;jlz(at) as we had

instead of j-£-k_. in the last

laimed before.
Now we ask whether the equivalences we have just established are the

11y ones occurring between the various subquotientrepresentations of

1e principal series. By (4.4):

4
T . . . .la,) = C(l+c .(1-e +a C(l-e” )T+,
Ek.Z;J,J;J,J t k/z,] k,z,J( ) )

¥ a certain normalization constant C # 0, with

-zk
2 °k,z,5 ~ 23+2 -
> if two subquotient representations of respectively w 1
1.1 Epr? gl z
fuivalent, then zk = z k. Comparing K-contents we conclude:
. . 1 1
ﬂg T 1 irreducible, T = 1= (k,z) = (k" ,2z") or

Kk, Sxlr® r? Lz

(k,Z) =("'k11"'zl) i

(-x1, -zl ;

I

(kl,zl) or (k,z)

-
?

1 = (k.,z)

I

= T
Ek12> Ekllz

Q
R

o

L
.2 t:kl,z1=(k,z> *

(kl,zl) or (k,z) =(-k ,-z") -

irthermore ng,z can clearly never be equivalent to a Tgklrzl or a

;klrzl , so the only possible equivalences except the ones we have already
und are between ﬂgk'z and ng,k( and then also Tg_zl_k) for |z| < |x|,

'k € Z . We claim that these equivalences do indeed exist. Because of

le equivalences we have already proved we may assume k > 0 and then need
ly prove ﬂgk’z = ng,k for lzl <k, z-k € Z . So we have to prove that

e matrix elements WEk,Z;k,Z;k,ﬂ (ag) and ﬂizrk;k,l;k,ﬂ(at) are proportional.



To facilitate the calcul

functions f%,k' (see als

derive symmetry properti

J

LEMMA 1. a. fﬂ,k (k(a,B)

j -
.b. f/@,k (k(OL,—B

PROOF. Write the normali

fﬂ,k (k(a,B))

J
(wp ,ﬂj(k(a,B

because the coefficients

LEMMA 2.

m

g

k

ﬂj(k(O,-i))wﬂ

£ (x@,-B))

£,k

(7. (k(0,i)) 7.
J J

(7. (k(a,8) ")
J

(m (k (o, 8) )7

rzijlr’e;jzrﬂ(at).

we derive s
;, Chapter I

the matrix e

p (ke =B))
J
2o, (k(@8)

sis vector

-1
(k(a,B) )wz
= (m.(k( a,

J
k(e -B)

e polynomial

.W—Z .

(k(3,-B) Hw

Iz;jllk;j2lk

17

properties

nd use these

Ek,z

1 .
vy 2] J
):
real .
z;jll—ﬂ;j2,




ROOF'.
(m (a )fﬁ ) (k(o,B)) = (e—2t|al2+e2t|3]2)_(Z+j+1)
Ek' k .
fﬂ?k (k(e “a,e8))
y lemma 1 a:
m (a, ) = (m (a ) f %2 jl ) =
gklzijli'eijzr'e t Ek, /e k ! 1, k
I

- 2t _ J
[(e 2t|a|2 |512> (z+j+1) sz(k<e £y ofa)) £ e e

3y

J< BT TS RREAE: 2ﬂ(k<e Ca,-e"B g, pkla,-B)
K

32 31

£ = . . .
(ﬂgz,z(a ) k, K’ k,L ) 1T&;’e,z;jl,k;jz,k(at)

he second equality is proved similarly by using Lemma 1 b.

Now we derive a slightly different expression for the matrix e
hich has the convenience that the exponential factors are independ

f the summation variables Ky and K- If £ > -k, then we see:

j—K( g3 j-k —£+k [ (5+L) ¢ (5+k) ¢ \lz 1
\G-D G-k Y] k)t

1.7) £ ((e8)) = B

2Fl(—j+£,—j+k;£+k+1; 2
8]

ow use formula (2), 82.9 of [2] and the fact that ]alz + IB|2 =

2
o transform this into a 5Fy function of argument Ia[ and then

xpand this expression again in powers of o and a.




The result is:

3 C(G=k) 3 (G+k) L)
Ep (B = o Gen T

(4.8) 5-2
I (-1) j-k-k ,3—£\/£+3+K\ k=Ltkic Z -k
L Uk Nk )

Proceeding analogously for the case L < -k we fi

5 ~ /(j_k):(j+k)!\17
£o7 k(0 B)) = \G=0) G+ 1)

14

(4.9)
j-2 y
S e T e e e
Kéma(lxl(()) —2-x) S\ ke ] * B

This gives us a new expression for the matrix el

2t(z+1+£—k)(j -k)

4.10 =

( ) ﬂgklz7jl£;jr£(at) (]_ﬂ)
j-£ K, +K , .
'Z (-1) 1 72 (j—£>/£+j+K1\.
KKy = max (0, -£- Kl’\£+k+'<1’

1

{j—z\/£+j+K2\ (£+k+K1+K2):(£"k)!

\ Kz}\£+k+K2} (2Tc +r,+1) !

F, (z+1+8+x, ,L-k+1; 24+ +2:1 At
5 1(z + Kl, -k+1; K1+K2 ;l-e )

for £ > k, and a similar expression for £ <k. F

t in b




4.11)

ith

ow sum

:.12)

w the
'k <0,
‘or the

.13)

e only

_ e2t(—z+1+k+{) (k=2z) ! (k+z)

;z,k;k,z;k,z(at) B (k=£) ! (k+£) !
> z,k, L
Sy (1-e4HV
0 wvi
k-£ N
Lk, L “17%2 (k=£\[L+k+i \(k—t\/£+k+K \
! =1 (D S /‘£+Z+K1,1 ., N\ tz+c? )
Ky 1K,=0 A R 17 2 27
+z+K1+K2)! (k+£+1+K1)v(£—z+1)v
P+ +x +1)'(£~z)! ’
1 72 - (284K, +K_+2)
1 72 V)

Kl to find:

K 1
)2 (k+£+K2).

2° (k—K—K2)1(2E+K +u+1) !

kol (k=£) ! (L-z4v) ! (k+L+v) ! y At
= L% 2

((k=2)1%  (L+z)! ,

/k+£+v+1, £+Z+K2+1, L-k; 1

> \l+z+1 2L+k y+v+2 )

-

P unity argument in this expression is terminating because
jaalschiitzian, so it can be summed in terms of T'-functions.

rant facts on 3F2 funtions see [2] , §4.4). We then find:

kAL (k=£)! (L-z+v)!
T (k-2z) ! (B+z) !

K

2 . e _
) (k+K+K2). (z-k v)k_z ( Kz)k_K

Kz,!(k—K—Kz)!(2£+K2+v+1)!(£+z+1)k_£(_k_£_v_1_K

2)k—£

ro term is the one with K2 = £-k, so at last we arrive at:




Cz,k,ﬂ _ (k=£) ! (k+£+V) ' (2k) ! (k=2+V) !

14

v ((k-2) 'F (k+z) ! (2k+v+1) !
| il (a') = 1 2t(_Z-'_“.kH}')F (-z+k+1
£ kik, Lik, L0t T 2k e 27\ TETE
Llows from (4.4) that
m (a) = -4 Q2E(e+lek=0) - iy
g rzik, Lik, L% T 2K+ 271\ ;

insforming (4.15) by formula (2),§82.9 of [2] we see thi
>tive matrix elements are indeed equal. The case £ < *

:he preceding case (£ > + z). Indeed,

“&z,k;k,z;k,z(at) = (by lemma 2)
Te_ ik, -Lik,-£(3¢) T (Y the prededing case)
TrEk,—z;k,—z;k,_g(at) (by (4.1))

g ,z;k,~£;k,-£(at> (by 1§mma 2)

-k

“gk,z;k,ﬂ;k,z(at)'

ise |£| < |z| follows from the preceding cases (|&| >

1TEz,k;k,K;k,z(at) (by lemma 2)




= (by the preceding cases)
ﬂgz,k;k,z;k,z(at) (by b g

ﬂEk, Z;k,z;k,z(at) = (by (4.4))

1 2t (L+1+k z)

4t
— +k+1;k-z+1;2k+2; 1~ = (b 4.4))
i1 © 2Fl(ﬂ k+1;k-z e ) (by (

ﬁgk,z;k,ﬂ;k,a@(at)

mmarizing we have:

HEOREM 2. i. If 7 is irreducible, then T =T ', otherwise
_— € 12 €, 12 £, -z
k k _kl
o] = 0 and T = T .
Ekrz E_kr"z gk'z E_kr_z
i. If
Iz] < Ikl 1 2=k e Z,
1en
T = T
Eklz Ez,k °

> other equivalences exist between the various subquotient representations

T the principal series.

Instead of proving explicitly the analogue of Theorem 5.10 of [6] for
.(2,€) we shall rely on a general result due to Harish-Chandra, the
mous "subquotient theorem":

Let G be a connected semi-simple Lie group with finite center, U
topologically completely irreducible representation of G on a Banach
ace, then U is Naimark-equivalent to a subquotient of a principal series
‘presentation of G. For this theorem see for instance [17] (theorem
5.1.5) where one can also find a definition of topologically complete
‘reducibility.

Using this a consequence of Theorem 2 is the classification of




topologically completely irreducible representations of SL(2,C):

THEOREM 2'.Every topologically completely irreducible representation of
SL(2,E€) on a Banach space is Naimark-equivalent to exactly one of the
following representations:

irreducible (i.e.|z| > |k| or z-k ¢ Z) and z > 0 ;

i. ﬂgk'z with WEk,Z

ii. Oty 2 (Izl < |k|, z-k € Z), z <0 .

(these are all even subrepresentations of principal series representatic
cf [6], theorem 5.10. That this is true in general has been proved by

Casselman)

REMARK. For K-finite or unitary representations topologically complete
irreducibility is equivalent to (topological) irreducibility ([171],

remark on p.305, Proposition 4.3.1.7. and Proposition 4.2.1.3) -
5. UNITARIZABILITY

It is well-known (and clear from our definitions) that the conjugat

A

contragredient (see [6],6.1) of Mo rZ 7 ngk,z*, is equivalent to L

SO:

12 g

Now a necessary condition for unitarizability of a representation T
is that it is equivalent to its conjugate contragredient t*. Applying

the results of the preceding paragraph we find:

T irreducible, T ¥ ~ g =

Eklz Ek,z Ek,z

(k,z) = (k,-z) or (k,z) = (-k,z) <

i. z is purely imaginary, or




i, k =0, z is real, not an integer.
ii. T, Kt e>k=0-

V. o * = g =k =0 .

e treat the four cases separately. Because of the equivalences we may
ssume z > 0 if z is real, as we shall do in case ii and iv.

. If z is purely imaginary then ﬂg is unitary -

k'

ii. TEO,Z = NEZ,O ; SO T 5 is always unitarizible.

>r the remaining cases we have to decide whether the intertwining operator
atween the representation and its conjugate contragredient (which is

1ique up to a complex scalar, according to Schur's lemma) can be chosen

> be selfadjoint and positive definite. This will be a necessary and
ifficient condition for unitarizability ([6], theorem 6.4). Thus we proceed
7 determining the various intertwining operators. If 7, and 7. have the

: - 1 2
ime K-content: HTT1 =& HJ, an = ® H) and A:HTrl +‘Hﬂ2 is an intertwining

serator, then A acts on each HJ as a scalar Cj. If we fix jp and take
o = 1, then all Cj are determined by:

5.1 C.(m (., £, ) = (1, () E.,£, ) (geG, £. eI, £, ¢ ul0).
>.1) 5 (M (9t ig 1 (9 34, g £y " T45

>sitive definiteness and selfadjointness of A is now equivalent to
>sitivity of all Cj' To apply the above we use formula (3.11) which gives
le nondiagonal matrix elements we need in (5.1).

1se ii: take jO = 0, then

ﬂgorziolOleo(at) ﬂgol_z7jroioio(a_t)
C. = = S =
7 Mg -20,055,0%¢) "€ 1213,0:0,0 (¢)
(1-2)
= (172) . (j=0,1,2,...)
J
) Wg is unitarizable if and only if 0<z<l (we consider only the case z>0)

. take jo = 0, then we find:



(1-2) .
J

Cj = (1+2) (3 =0,1,...,2-1)-
J

For z = 1 we find the unitarizability of the trivial onedimensional

representation. For z = 2,3,4,.. we find that the representations o

g

0'?
are not unitarizable.

Using theorem 2', considering the fact that two Naimark—-equivalent
irreducible unitary representations are unitarily equivalent ([17],
Proposition 4.3.1.4), and using formula (6.8) of [6] for the redefined

inner products, we see:

THEOREM 3. Any irreducible unitary representation of SL(2,C) is unitari]

equivalent to one and only one of the following representations:

1. ﬁgk,ik' A >0,

(o]

J

2. The representation WE >\(O<>\<1) on ® H- with respect to the inner
OI

j=0
pbroduct < , > defined by

(1-2) . . :
(1+Z)j Kf,g) (f e H*1,9 ¢ H 7)
1

<f,g> =

(the closure being taken with respect to this inner product also).

3. The trivial onedimensional representation.
6. HISTORY OF THE PROBLEM

Though our approach to the representation theory of SL(2,C) seems t
be new the classification of representations of SL(2,C) has been obtaine
before, by diffefent methods. The matrix elements have also been calcula
before.GELFAND and NAIMARK [5] were, in 1947 the first to classify the
unitary irreducible representations of SL(2,C). NAIMARK [8] extended thi
result in 1954 by classifying the completely irreducible representations
a reflexive Banach space, and wrote a survey article [9]. The problem

is also treated in books: NAIMARK(1958)[10], GELFAND,MINLOS and SHAPIRO




1958)[4] , GELFAND, GRAEV and VILENKIN (1962)[3], and RUHL (1970)[11] .

Formula (2.15) for the matrix elements of the irreducible represent-
tions of SU(2) was first derived by WIGNER [18]. Formula (4.9) for these
itrix elements can be found in [16].

Starting from the same integral representation as our formula (3.1),
1d inserting Wigner's formula STROM [14], and DUC and HIEU [1] in 1967
arived our expression (4.4) for the matrix elements of the principal
aries; MAKAROV and SHEPELEV [7] did the same for (4.10), using Vilenkin's
>rmula, in 1971.

SCIARRINO and TOLLER [12] give symmetry relations for the matrix
lements. STROM [13] finds a fourth order differential equation for the

itrix elements.
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